Why is it optimal not to tax capital income in the long-run in Chamley (1986) and Judd (1985) ? This paper demonstrates that the answer follows standard intuitions from the commodity tax literature. In the steady state, Engel curves for consumption are linear in labour earnings, irrespective of the utility function adopted. Thus, in the steady state, consumption demands in each period become equally complementary to leisure over time. This renders taxes on capital income redundant, since they cannot alleviate distortions from taxing labour income. The argument that taxes on capital income should be zero because distortions explode in finite time is relevant only if restrictions are imposed on the utility function. We show how these restrictions imply that consumption demands in each period are equally complementary to leisure over time. We also demonstrate that the optimal tax on capital income is zero irrespective of whether the gross interest rate is endogenous. This contradicts arguments that the entire burden of capital income taxes is shifted to labour through general-equilibrium effects on the interest rate.
Introduction
Should capital income be taxed or not? This is one of the oldest and most important questions in public finance. However, the literature has not yet settled on a definite answer and the issue remains controversial from a policy perspective 1 . The arguments against taxing capital income rely on Chamley (1986) and Judd (1985) , who suggest that in the long run the required revenue should be generated solely through taxing labour income. Thus, it is never optimal to tax capital income in the long run, but it might be optimal to tax it in the short run. Although there is a large literature on the robustness of the zero-capital income tax result 2 , the economic mechanism and the intuition behind Chamley (1986) and Judd (1985) remain elusive.
In this paper, we argue that the zero capital income tax result can be explained with standard principles from the theory of optimal linear commodity taxation. The tax on capital income should be seen as a differentiated tax on consumption at different dates, so that in the optimum, it should be zero if optimal consumption taxes are uniform. The main intuition for optimal uniform commodity taxation in the Ramsey (1927) framework is found in Corlett and Hague (1953) : if goods that are stronger complements to leisure are taxed at higher rates, individuals substitute away from leisure and work more. Since labour supply is distorted downwards, commodity tax differentiation can alleviate distortions of the labour income tax, but at the expense of distorting commodity demands. Formally, optimal commodity taxes are uniform only if consumption Engel curves are linear and pass through the origin 3 . Therefore, uniform commodity taxation is optimal if the utility function is weakly separable between consumption and leisure and homothetic in consumption 4,5 . In that case, different commodities are equally complementary to leisure and commodity tax differentiation only causes goods market distortions, without alleviating labour market distortions.
We analyze a version of the Chamley-Judd model due to Ljungqvist and Sargent (2004) .
An infinitely-lived representative agent decides how much to work and save in each period.
The government needs to finance an exogenous stream of outlays and optimises linear taxes on labour and capital income such that the lifetime utility of the representative individual is maximised. To avoid a degenerate steady state or a first-best solution, we assume that initial capital endowments are null and first-period production only uses labour 6 . In the steady state, optimal taxes on capital income are shown to be zero. Our explanation for this result is that the steady-state assumption in Chamley (1986) and Judd (1985) forces all consumption Engel curves to be time-invariant and linear, with no need for further restrictions on the utility function. As a result, in the steady state, consumption in each period becomes equally complementary to leisure at all times. Proportional taxes on capital income impose the same distortions on labour supply as proportional taxes on labour income, but in addition also distort saving. Therefore, the government should not distort intertemporal consumption decisions in order to alleviate labour supply distortions and optimal taxes on capital income should become zero 7 . We thus 2 See e.g. Jones, Manuelli, and Rossi (1997) , Krusell, Kuruşçu, and Smith (2010) and Straub and Werning (2014) .
3 The Corrlett-Hague motive for differentiated commodity carries over to Mirrleesian frameworks with optimal non-linear taxation of labour income, cf. Atkinson and Stiglitz (1976) and Jacobs and Boadway (2014) . The Atkinson and Stiglitz (1976) theorem shows that uniform commodity taxation is optimal if the government can levy a non-linear tax on labour income and preferences are weakly separable between consumption over time and leisure. Hence, linear Engel curves are no longer required to obtain optimally uniform commodity taxation if income taxes are non-linear. See also Ordover and Phelps (1979) for an application of optimal taxes on capital income in a 2-period OLG framework with optimal non-linear taxes on labour income.
4 Deaton (1979) demonstrates that uniform commodity taxation is even obtained in settings with heterogeneous agents if preferences are of the Gorman (1961) polar form. However, uniform commodity taxation can then only be obtained if the government has access to a (non-individualized) lump-sum tax. This instrument is ruled out in the Chamley-Judd setting with a representative agent to obtain a non-trivial second-best analysis.
5 Erosa and Gervais (2002) use an OLG version of the Ramsey models in Chamley (1986) and Judd (1985) to demonstrate that the optimal tax on capital income is generally non-zero.
6 Straub and Werning (2014) showed that the size of initial government debt can determine the existence and nature of the steady-state, which are issues that we want to avoid.
7 Our paper is meant as a positive, methodological contribution aimed at clarifying the result of Chamley establish a close link between the zero-tax result in Chamley (1986) and Judd (1985) and the theory of optimal commodity taxation.
By showing that standard optimal taxation principles underlie the zero tax on capital income, we reveal that the explanations previously offered by the literature can be misleading.
The first intuition, provided by Judd (1999) and subsequently used in Banks and Diamond (2010) , argues that the economy need not converge to a steady state for the optimal long-run tax on capital income to be zero. Since capital income taxes impose an exponentially-growing tax burden on consumption in the more distant future, it can never be optimal to set them to strictly positive rates in the long run. Such an explosive path of tax distortions in finite time is incompatible with standard Ramsey principles, which insist that tax distortions be smoothed out over time. Therefore, in order to rule out exponentially growing tax burdens, taxes on capital income should become zero in finite time.
We agree with Judd (1999) that the intuition for Chamley-Judd result should be firmly rooted in optimal taxation principles. However, the Ramsey logic is applicable only when consumption demands depend solely on own prices. Hence, strong restrictions need to be made on the utility function: additive separability over time and separability between consumption and leisure. Only under these restrictions is the Ramsey tax smoothing intuition equivalent to the more general Corlett-Hague logic; the commodities that are less price elastic are also the commodities that more complementary to leisure. See also Atkinson and Stiglitz (1980, Ch. 12).
Judd (1999) argued that convergence to a steady-state is not required in order to get zero optimal capital income taxes. In finite time, capital income taxes are zero either if the multipliers on the government budget constraints are bounded or if preferences are such that the multipliers are constant. Straub and Werning (2014) correctly criticise imposing constraints on endogenous multipliers, since doing so boils down to assuming that the optimal optimal tax on capital income is zero. We add to the analysis in Straub and Werning (2014) by showing that the multipliers on the government budget constraints are constant only if preferences are such that consumption is equally complementary to leisure at all times and the optimal capital income tax is in fact zero in every period.
The second argument why capital income taxes are optimally zero can be found in Auerbach and Kotlikoff (1983) , Correia (1996) , Mankiw, Weinzierl, and Yagan (2009) and Piketty and Zucman (2014) . It is argued that, in the steady state, all taxes on capital income are shifted to labour due to general-equilibrium effects on factor prices. Therefore, it is better to tax labour income directly and avoid distortions in the capital market. This argument relies on the notion that in the steady state, the net return to capital is completely determined by exogenous factors such as the depreciation rate and the rate of time preference. Consequently, any tax on capital income has to result in a one-to-one increase of the gross return to capital to keep the net return to capital constant. This requires a fall in the steady-state capital stock, which decreases wages. As a result, the tax burden is completely shifted to labour. We analyse an (1986) and Judd (1985) that capital income should not be taxed in the long run. It is not meant to serve as a normative policy prescription. Banks and Diamond (2010) , Saez (2011) and Jacobs (2013) have argued that capital income should be taxed at positive rates for various reasons that the framework of Chamley (1986) and Judd (1985) cannot address.
open-economy version of the Chamley-Judd model, where we switch off any general-equilibrium effects on factor prices that occur due to the taxation of capital income. This allows us to confirm the results of Diamond and Mirrlees (1971) in a dynamic setting: the expressions for optimal taxes in partial equilibrium are identical to those obtained in general equilibrium. Therefore, general-equilibrium effects in factor prices shifting the entire tax burden towards labour cannot be an explanation why capital income should not be taxed in the long-run. This contrasts with the impressions that are given in Auerbach and Kotlikoff (1983) , Correia (1996) , Mankiw, Weinzierl, and Yagan (2009), and Piketty and Zucman (2014) .
The present work complements the analysis of Straub and Werning (2014) , who showed that the results in Chamley (1986) and Judd (1985) are not as general as previously thought. By using a model with additively separable time preferences, we focus on the only case identified by Straub and Werning (2014) where the capital stock is positive and taxes on capital income are zero in the steady state. Straub and Werning (2014) show that if preferences are not additively separable over time, the zero capital income tax in Chamley (1986) 2 Long-run capital income taxes in general equilibrium
Representative individual
This section starts with a general-equilibrium formulation of a closed economy as in Chamley (1986) and Judd (1999) , where utility is time-separable and time is indexed by t. We follow the representation given in Ljungqvist and Sargent (2004) . There is an infinitely-lived representative individual who maximises the discounted value of lifetime utility:
The utility function u(c t , l t ) in each period is increasing, strictly concave and twice differentiable in both consumption c t and leisure 1 − l t . The individual's pure rate of time preference is captured by the discount factor β and her assets are denoted by a t .
The representative individual owns no assets in period 0 (a 0 = 0). Consequently, there is no motive to tax pure rents from (initial) asset endowments. By assuming zero initial assets, we avoid the possibilities of a degenerate steady state or a first-best solution, see also Straub and Werning (2014) . The individual is endowed with one unit of time per period, which must be divided between work and leisure. In each period, labour has to satisfy a time constraint: 0 ≤ l t ≤ 1. The gross interest rate is r t and the gross wage rate is w t . The government levies a proportional tax on capital income τ K t and a proportional tax on labour income τ L t in every period. Consequently, the individual's budget constraint is:
Equation (3) says that the present discounted value of the individual's terminal assets should be 0, thus ruling out explosive asset paths (a no Ponzi-scheme condition). By iterating the individual's budget constraint forward and applying the transversality condition in equation (3), we obtain her lifetime budget constraint:
The representative individual's problem consists of choosing her sequences of consumption
, labour supply {l t } ∞ t=0 and assets {a t+1 } ∞ t=0 such that the lifetime utility (1) is maximised subject to the budget constraint (4). Assuming an interior solution for l t and denoting the multiplier on the period t budget constraint by β t λ t , we can obtain the first-order conditions that govern optimal labour supply and saving behaviour:
Equation (5) states that in the optimum, the marginal benefit of consuming one extra unit, u ct , should be equal to the marginal cost λ t of doing so. Similarly, equation (6) shows that the individual should work until the marginal cost of sacrificing one extra unit of leisure, −u lt , is equal to the gain in utility due to having more income, λ t (1 − τ L t )w t . The Euler equation (7) describes the optimal allocation of consumption across time: the individual should save until her increase in utility from consuming marginally more in the current period (λ t ) is the same as her discounted increase in utility from investing that consumption increment at market prices and consuming it the next period, β(1
Government
The government's objective is to maximise the representative individual's utility, while satisfying an exogenous revenue requirement g t in every period. Like Chamley (1986) and Judd (1985) , we assume that the government can credibly commit to the policies it sets 8 . Furthermore, we assume that the government can verify aggregate capital and labour income, but has no access to lump-sum taxes. Thus, it can use proportional taxes τ L t on labour income and τ K t on capital income and issuance of debt d t+1 to raise revenue.
We assume that in period 0, the initial level of debt is null: d 0 = 0. Since this is a deterministic model without default, government bonds and private assets are perfect substitutes.
Perfect arbitrage thus ensures that the interest rate on government bonds equals the interest rate r t on other assets. Hence, the period-by-period government budget constraint reads as:
The government debt d t+1 also has to satisfy transversality condition (9) to rule out explosive paths for public debt.
Firms
There is a single representative firm that uses capital k t and labour l t to produce output. In all periods t > 0, the production function is given by f (k t , l t ), which exhibits constant returns to scale, satisfies the Inada conditions 9 and features positive and decreasing marginal returns to both capital and labour:
Capital depreciates at rate δ. In period 0, the production function uses only labour: f 0 = Al 0 . This ensures that endowments are not required for starting the production process.Profit maximisation implies that marginal products equal marginal costs in each period:
There are no pure profits in each period due to constant returns to scale in production.
General equilibrium
Equilibrium in the goods market requires that the total demand for goods -private consumption c t , public consumption g t , investment k t+1 − (1 − δ)k t -equal the supply of goods:
Equilibrium in the capital market requires that the demand for capital by firms k t and demand of government debt d t equal the supply of assets by the representative individual a t 10 :
Primal approach in general equilibrium
The government's problem is to choose the sequence of taxes {τ K t+1 , τ L t } ∞ t=0 that maximises the representative individual's lifetime utility. In order to derive the optimal tax rules, we employ the primal approach to the optimal tax problem. First, the government optimally derives the second-best allocation {c t , l t , k t+1 } ∞ t=0 subject to the resource and implementability constraints. Second, this allocation is decentralised using the tax instruments to obtain the same allocation as the outcome of a competitive equilibrium. An allocation is implementable if it satisfies Definition 1.
is implementable with proportional taxes on capital and labour income if it satisfies the following conditions:
• There exists a sequence of taxes {τ K t+1 , τ L t } ∞ t=0 , factor prices {w t , r t+1 } ∞ t=0 and asset holdings {a t+1 } ∞ t=0 such that the allocation solves the individual's problem, given the prices;
• There exist factor prices {w t , r t+1 } ∞ t=0 , such that the firm maximises its profits every period;
• The allocation satisfies the government budget constraint (8) every period;
• The allocation satisfies the aggregate resource constraint (13) every period;
• The allocation satisfies the domestic capital market equilibrium condition (14) every period.
The next step is to derive the implementability constraint. First, use the individual's first order conditions (6) and (7) to substitute out the net prices in the individual's budget constraint (2). Multiply the result by β t u ct , sum over the individual's lifetime and use the transversality condition for private assets (3) to find:
Lemma 1 shows that an allocation that satisfies the implementability (15) and aggregate resource constraints (13) is implementable with proportional taxes on capital and labour income. Therefore, instead of directly choosing the optimal taxes (the dual problem), we can solve the government's problem by choosing the implementable allocation that maximises the representative individual's utility (the primal problem). We can then use the optimal allocation to retrieve the optimal tax rules.
Lemma 1. An allocation is implementable with proportional taxes if and only if it satisfies the implementability constraint (15) and the aggregate resource constraint (13).
Proof. See Appendix A.
Optimal taxation
In order to simplify notation, we denote the multiplier on the implementability constraint (15) by θ and define a pseudo utility function W (·) as:
W (c t , l t , θ) can be interpreted as the net social value of private utility, where the multiplier θ is a measure of aggregate tax distortions. We can then summarise the government problem:
subject to
We obtain the following first-order conditions for the government problem:
Equation (18) is the counterpart of the individual's first-order condition for labour supply (6).
The government chooses the amount of labour in the economy until the social marginal utility cost of working −W lt equals the social marginal benefit of working w t W ct . Equation (19) is the government's Euler equation for consumption, which is the counterpart of the individual's Euler equation (7). The government chooses the consumption path such that the marginal decrease in social welfare incurred when saving in the current period W ct is equal to the marginal increase in social welfare from consuming the proceeds of the savings in the next period (1 + r t+1 )W c t+1 .
By taking derivatives of W in (16), we can find expressions for W ct and W lt :
We define the general-equilibrium elasticities ε c t and ε l t as:
The term ε c t captures the distortions in consumption and labour supply caused by changes in u ct , which in equilibrium equals the price of c t . The capital income tax raises the price of consumption at date t+1 relative to consumption at date t. Hence, it induces substitution away from future consumption and future leisure towards current consumption and current leisure.
The next proposition derives the optimal capital income tax in a given period t.
Proposition 1. The optimal linear taxes on capital and labour income in each period are, respectively:
Proof. Substitute the expression for W ct from equation (20) into the government's Euler equation (19) and use the individual's Euler equation (7) to establish the optimal capital income tax. Similarly, substitute the expressions for W ct and W lt from equations (20) and (21) into (18) and use the first-order conditions for the household in (5) and (6) to find the optimal labour tax.
Proposition 1 shows that taxes on capital income are desirable only if the aggregate elasticity today ε c t is higher than the aggregate elasticity tomorrow ε c t+1 . Equivalently, capital income should be taxed only if the combined distortions in consumption demand and labour supply tomorrow are lower than the combined distortions in both consumption and labour today. This conforms to standard Ramsey intuitions. In Corollary 1, we show how it is optimal to set capital income taxes to zero in the steady-state 11 . Corollary 1. In the steady state, the optimal capital income tax is zero: τ K = 0.
Proof. In the steady state, both consumption and leisure become constant, so ε c t becomes constant. From Proposition 1, it follows that τ K t = 0 in the steady state.
Why is the long-run tax on capital income zero?
We argue that in the steady state, the taxation of capital income should follow the prescriptions from the literature on optimal commodity taxation. In our model, a positive tax on capital income is equivalent to taxing future consumption at a higher rate than present consumption.
Similarly, a zero capital income tax is equivalent to a uniform commodity tax on consumption at 11 Moreover, this result ensures that the transversality condition for government debt holds ex-post. Since r = (1 − τ K )r when τ K = 0, the capital market equilibrium condition (14) holds and the transversality conditions for private assets and capital hold. Hence, the transversality condition for government debt will hold automatically. different dates. Corlett and Hague (1953) show that commodity tax differentiation is generally desirable because the distortions in commodity demands help alleviate distortions in labour supply. Conversely, if differentiated commodity taxes cannot mitigate labour supply distortions, they should be uniform, in order to avoid distortions in commodity demands.
We analyze a marginal tax reform to demonstrate why capital income taxes are only useful to alleviate labour market distortions and should be set to 0 in the steady state 12 . The policy experiment raises the capital income tax at time t + 1 such that consumption at time t increases with and consumption at time t + 1 declines with an amount to be yet determined. The policy experiment keeps the entire intertemporal allocation at all dates v = t, t + 1 is unchanged.
Hence, capital stocks at all dates t, except at date t + 1, remain constant. Moreover, the policy experiment respects the implementability constraint. Therefore, taxes on labour income in period t and t + 1 adjust to ensure that the intertemporal allocation remains constant and the implementability constraint is respected. Government spending does not change. We calculate the welfare effects of this small tax perturbation and show that they are critically determined by the responses of labour supply to the capital income tax. Since the allocation for all periods except t and t + 1 does not change, raising the capital income tax in period t + 1 only affects utility W in periods t and t + 1:
The next proposition derives the welfare effects of this tax perturbation.
Proposition 2. Starting from a given initial allocation, the welfare effect of marginally raising the capital income tax such that c t increases with , while respecting the resource and implementability constraints by adjusting the taxes on labour income, is given by:
Proof. The tax reform should keep the intertemporal allocation of resources constant and must be implementable with linear taxes on capital income in period t + 1 and linear taxes on labour income in periods t and t + 1. First, this requires that the reform respects both the resource constraints in periods t and t + 1:
where a bar indicates a variable that does not change under the reform. Second, the tax reform should respect the implementability constraints in periods t and t + 1:
for some exogenous value ζ of the implementability constraints in all other periods v = t, t + 1.
Since we can adjust taxes on labour income in both period t and period t + 1 we can construct a policy reform such that the change in the implementability constraints in both period t and period t + 1 is zero by appropriate changes in the taxes on labour income:
Note that if the policy experiment satisfies (32) and (33), then the implementability constraint (31) is respected.
The policy experiment raises consumption c t at time t with dc t = . The change in labour supply l t at time t follows from totally differentiating the period t implementability constraint (32):
where α t is defined in Proposition 2. By noting that k t is predetermined at time t, the change in k t+1 is found by totally differentiating the period t resource constraint (29):
where the last part follows upon substitution of dl t = −α t uc t u l t and dc t = . Similarly, the policy reform lowers consumption c t+1 at time t + 1. By totally differentiating the period t + 1 implementability constraint (33), we find the change in labour dl t+1 at time t + 1:
By differentiating the economy's resource constraint at t + 1 in (30), we find the change in consumption dc t+1 at t + 1 (note that k t+2 does not change):
where the second part follows upon substitution of equations (35) and (36). Consequently, we find for dl t+1 :
Totally differentiating (26) gives the change in social welfare:
Substitute for the changes consumption using equations (34) and (36) to find:
Substituting the first-order conditions of the household in equations (5), (6) and (7) gives the first part of the proposition. Finally, we can substitute the changes in labour supply (34) and (36) into (40) and use the firm's first-order conditions in (10) and (11) to find the second part of the proposition.
Consequently, Proposition 2 recovers the Corlett-Hague motive for capital taxation in the Chamley-Judd framework. The first part of the Proposition shows how an increase in the capital income tax lowers labour supply at t (dl t < 0) and increases labour supply at t + 1 (dl t+1 > 0). The reason for this rotation of the labour supply schedule over time is twofold, see also Jacobs and Schindler (2012) . On the one hand, future leisure becomes more expensive in terms of current leisure, which leads to intertemporal substitution in leisure: labour supply in period t + 1 increases and labour supply in period t decreases. These effects are associated with the ε l t -terms. On the other hand, capital income taxes also make future consumption more expensive relative to current consumption. The corresponding substitution effect implies that consumption in period t + 1 decreases and consumption in period t increases. This latter change in consumption causes income effects in labour supply: lower consumption in period t + 1 implies that labour supply in period t + 1 increases, while higher consumption in period t implies that labour supply in period t decreases. These effects are associated with the ε c t -terms. If the increase (decrease) in labour supply at time t + 1 (t) is sufficiently large (small), social welfare increases (dW > 0). Consequently, the increase in the capital income tax is socially desirable.
The α t -terms (α t = (1 − 1/ε c t )(1 − 1/ε l t ) −1 ) capture the complementarity between consumption and labour. If α t+1 < α t , consumption at date t + 1 is less complementary with labour in periods t and t + 1 than consumption at date t. Consequently, introducing a capital income tax is socially desirable, provided there is no initial capital income taxation (i.e., τ K t+1 = 0) and labour taxes are constant over time (i.e., τ L t = τ L t+1 ). If there is a positive pre-existing capital income tax (τ K t+1 > 0), increasing it further is socially desirable only if the benefits of reduced labour market distortions are still larger than the costs of larger saving distortions. Clearly, if labour taxes are not constant over time, intertemporal labour supply decisions are distorted.
Then, the capital income tax can either alleviate or exacerbate the intertemporal labour market distortions generated by non-constant labour taxes. The latter finding has not yet received a lot of attention in the literature: zero optimal capital taxation generally requires constant labour taxes. If, for whatever reason, labour taxes are not constant, optimal capital income taxes need not be zero.
To further illustrate the Corlett-Hague motive, we can analyze the welfare effect of intro-ducing a small capital income tax in a setting with constant labour taxation (τ L t = τ L t+1 = τ L ) and no initial capital income taxation (τ K t+1 ). Using equation (27), it follows that the welfare effect of such a reform is:
Thus, the introduction of a capital income tax is socially desirable only if consumption at date t + 1 is less complementary to labour than consumption at date t, i.e., if α t+1 < α t .
Proposition 2 governs the desirability of capital income taxation even if the economy has not converged to a steady state. In the steady state, c, l and k are all constant, which renders α, f k , f l , u c and u l constant. If labour taxes are constant, we can use equation (27) to calculate the welfare effect of introducing a small capital income tax in the steady state:
Introducing a small capital income tax in a steady state with constant labour taxes unambiguously lowers social welfare: the increase in distortions from lower current labour supply is larger than the decrease in distortions in future labour supply. The implication is clear: capital income taxes are not desirable, so they should be zero in the steady state.
The following Corollary demonstrates that the optimal capital income tax derived under the perturbation approach is exactly the same as the optimal capital income tax derived in Proposition 1, provided labour income taxes are optimised. Thus, the perturbation approach leads to the same solution as the primal approach.
Corollary 2. If labour taxes are optimized according to (25), the perturbation approach gives the following optimal capital income tax:
Proof. In the optimum, the marginal benefits and the marginal costs of the reform should cancel out, so dW = 0 in equation (27) . Rewriting that expression, we obtain:
Substituting α t and α t+1 from equation (28) and τ L t and τ L t+1 from the optimal labor income tax expression in equation (25), we obtain the the optimal capital income tax τ K t+1 :
The expression above is identical to the expression obtained using the primal approach in equation (24).
Relation to commodity tax literature
Our findings can also be related to the optimal commodity tax literature. Sandmo (1974) and Deaton (1979) have shown that if the government can only employ linear taxes and Engel curves of all commodities are linear in labour earnings, differentiated commodity taxation cannot alleviate labour supply distortions. The intuition is straightforward: if Engel curves are linear, commodity taxes impose the same distortions on labour supply, but in addition distort saving.
The latter distortions can be avoided by only taxing labour income and setting uniform commodity taxes. The next proposition demonstrates that indeed Engel curves become linear in the steady state.
Proposition 3. In the steady state, the Engel curves for consumption become linear in labour earnings irrespective of assumptions on preferences:
Proof. Suppose that the economy is in a steady state from time t = T onwards. Iterating the individual budget constraint (2) forward from period T onwards and applying the transversality condition on private assets (3), we obtain the lifetime budget constraint from time T onwards:
If the economy has settled in a steady state from period T onwards, consumption c t , labour l t , assets a t and prices (1 − τ K t )r t and (1 − τ L t )w t are all constant for t ≥ T . Moreover, in order to ensure the existence of a steady state, the rate of time preference needs to be equal to the inverse of the discount rate, so β = 1 1+(1−τ K )r
13 . This means that in each period of the steady state, the individual budget constraint (47) becomes:
The steady-state assumption forces all consumption Engel curves to become linear in labour earnings, so an increase in wl leads to a proportional increase in consumption c. Therefore, consumption at all dates becomes equally complementary to labour supply at date t and t + 1, as we have shown above. Consequently, a capital income tax in the form of a linear tax on savings generates the same labour supply distortions as a revenue-equivalent linear tax on labour earnings. However, capital income taxes also cause distortions in saving behaviour, which can be avoided by levying only taxes on labour income. The zero capital income tax is thus found for all utility functions and not only weakly separable and homothetic ones.
Lemma 2 shows that if preferences are separable between consumption and leisure and homothetic in the consumption sub-utility, ε c t is constant in all periods, not just in the steady state.
Lemma 2. If the utility function is additively time-separable, strongly separable between consumption and labour and homothetic in the consumption sub-utility, then ε c t is constant and capital income taxes are optimally zero at all dates.
Proof. See Chari and Kehoe (1999) and Appendix B.
Equation (22) shows how the assumptions of separability and homotheticity lead to a constant general equilibrium elasticity ε c t . If the utility function is separable between consumption and labour, u cl = 0 and the second term in equation (22) is zero. Furthermore, if the consumption sub-utility is homothetic, the first term of equation (22) becomes a constant. The combination of these two properties renders ε c t constant. Thus, the same kind of properties of the utility function that lead to linear Engel curves in the static settings of Sandmo (1974) and Deaton (1979) render capital income taxes redundant in the dynamic setting of Chamley-Judd.
Intuitively, since the Engel curves are linear, consumption is equally complementary to leisure in every period, making capital income taxes redundant in every period and not only in the steady-state. Deaton (1979) showed that optimal commodity taxes are uniform if the utility function has the Gorman (1961) polar form. This class of utility functions includes, among others, CES, Cobb-Douglas, Stone-Geary and iso-elastic utility. If utility is of the Gorman polar form, consumption Engel curves are linear, but do not necessarily pass through the origin. As a result, a non-individualised lump-sum tax is necessary to obtain optimally uniform commodity taxes.
This instrument is allowed for in Deaton (1979) , since he analyzes a model with heterogeneous agents. However, we cannot generalize Lemma 2 to Gorman polar preferences, since lump-sum taxes are ruled out in our representative-agent framework. Consequently, the consumption subutility needs to be homothetic in order to obtain zero optimal capital income taxes at all dates.
In that case, consumption Engel curves are linear and also pass through the origin, so capital income taxes generate the same labour market distortions as labour income taxes. Since capital income taxes cannot alleviate labour market distortions and only distort consumption choices, they are optimally set to zero at all times.
Interpretations in the literature
The optimal taxation literature discusses two main economic intuitions that would explain the Chamley-Judd result that the tax on capital income should be zero in the long run. The first is that a non-zero capital income tax results in exploding tax distortions in finite time, which violates the Ramsey principle to smooth distortions over time, see also Judd (1999) and Banks and Diamond (2010) . The second intuition is that if the supply of capital is infinitely elastic in the long run, all taxes are borne by labour in any case. Hence, it is better not to distort capital accumulation by setting a zero tax on capital income, see also Auerbach and Kotlikoff (1983) , Correia (1996) , Mankiw, Weinzierl, and Yagan (2009) and Piketty and Zucman (2014) . This section argues that the first intuition can be interpreted as a special case of our generalized Corlett-Hague intuition and the second intuition is misleading.
Intuition 1: exploding tax distortions
Can the Chamley-Judd results be interpreted as a strict application of the Ramsey principle, as in Judd (1999) and Banks and Diamond (2010) ? In this section, we show how the Ramsey intuition of taxing inelastic consumption demands at higher rates can be seen as a special case of the Corlett-Hague intuition which calls for taxing leisure complements at higher rates (Corlett and Hague, 1953) . Moreover, the Chamley-Judd result can be seen as an application of the Ramsey principle only when restrictive assumptions are made on the utility function.
We can gain more intuition as to how the standard mechanisms from the static models of the optimal taxation literature apply to the dynamic model developed in this paper. We can measure the complementarity between consumption at period t and leisure at period j by ε * ctw * j , which is the compensated elasticity of consumption c t with respect to the net wage w * j ≡ (1 − τ L j )w j in period j, see also Atkinson and Stiglitz (1980) . A compensated increase in the net wage w * j leads to an increase in labour l j , or alternatively, a decrease in leisure 1
then the increase in w j leads to a larger increase in c t+1 than in c t . This implies that c t+1 is more complementary to labour than c t or, equivalently, c t+1 is less complementary to leisure than c t in the Corlett-Hague sense. Similarly, we define the the compensated price elasticity of consumption with respect to the net interest rate r * j ≡ (1 − τ K j )r j in period j as ε * ctr j . In Proposition 4, we show that if consumption demands depend solely on contemporaneous prices, i.e. the net interest rate and wage rate in that period, the goods that are less price elastic are also the consumption goods that are relatively more complementary to leisure. 
Solving the problem above leads to compensated demands {c * t , l * t } T t=0 , which are homogeneous of degree 0:
We can differentiate this equation with respect to φ, set φ to 1, and define ε * ytp j as the compensated elasticity of period t good y t = {c t , l t } with respect to perid j price p j = {r * j , w * j }. This leads to:
If we assume that consumption elasticities solely depend on prices in period t, this expression collapses to the proposition.
In order to prove Proposition 4, we assumed the existence a final period T . This is a technical assumption that ensures we can analyse the individual's dual problem without focusing on the issue of infinite commodity spaces. The result in Proposition 4 is valid for an arbitrarily large T , so the assumption of finite time should not obscure the relevance of the Proposition.
Thus, Proposition 4 shows that if consumption demands solely depend on contemporaneous prices, a good that is very elastic with respect to its own price will also be very complementary to leisure: thus high elasticities of consumption with respect to net interest rates ε * ctr * j mean low compensated elasticities of consumption with respect to net wage rates −ε * ctw * t and vice versa. Consequently, the Ramsey inverse-elasticity rule is nested as a special case of the general Corlett-Hague rule for commodity taxation. This can also be seen from the definition of the general-equilibrium elasticity ε c t in equation (22). Naturally, if the utility function is separable, so that u cl = 0 in equation (22), the Ramsey intuition is applicable. In this pure Ramsey case, capital income is taxed only if the elasticity of marginal utility of consumption
varies with time.
However, the standard Ramsey intuition -that inelastic goods should be taxed at higher rates -need not always be applicable: the Ramsey explanation critically depends on the assumption that compensated demands for goods depend solely on contemporaneous prices. If compensated demands also depend on other prices, it is theoretically possible to have a good that is both inelastic with respect to its own price and is complementary to labour at the same time. In that case, it could be that the complementarity is so strong that it becomes optimal to subsidise the good to reduce labour supply distortions. To see why, in the general case the general-equilibrium elasticity ε c t includes complementarities with labour, i.e.
∂ ln lt ∂ ln uc t that are not present in the own-price elasticities, i.e.,
. By distorting the consumption prices, the capital income tax not only distorts the intertemporal allocation of consumption, but also affects the intertemporal allocation of labour supply. Given that labour supply is distorted by the labour income tax, a capital income tax (or a subsidy) can be helpful to reduce labour supply distortions. This depends on the specific pattern of ∂ ln lt ∂ ln uc t over time and no general conclusion can be drawn about this term without imposing further structure on the utility function.
No convergence to steady state needed?
Our analysis so far suggests that capital income taxes are optimally zero in a limited array of cases: if the economy is in a steady-state, or if preferences are restricted to a specific class.
However, Judd (1999) argues that under any utility function, distortions arising from capital income taxation would explode in finite time. Thus, the optimal tax on capital income would be driven down to zero as the deadweight loss of taxation would reach an upper bound in finite time. Hence, the optimal tax on capital income is zero in finite time even if the economy does not converge to a steady-state. This finding seems to suggest that no restrictions on the utility function are needed to obtain a zero tax on capital income in finite time.
However, Judd (1999) does not take into account that taxes on capital income may be desirable to alleviate the distortions of taxes on labour income on labour supply. While the wedge between the MRS and MRT between consumption at early periods and future consumption can indeed grow at an exponential rate if capital income is taxed, this can be optimal if labour supply distortions would also grow exponentially over time. Hence, one cannot a priori conclude that capital income taxes should converge to zero in finite time 14 . From the models with a finite time horizon, we know that the Corlett-Hague motive is generally always present unless restrictions are imposed on the utility function, see for example Atkinson and Sandmo (1980) and Erosa and Gervais (2002) .
Moreover, the analysis of Judd (1999) also reveals that the deadweight loss of taxation becomes constant in finite time only if the general-equilibrium elasticity ε c t converges to a constant in finite time, see his equation (28). Hence, his argument that distortions would reach an upper bound is equivalent to making the assumptions of separability between consumption and leisure and homotheticity of the consumption sub-utility, which, as we showed in Lemma 2, would eliminate the Corlett-Hague motive for capital income taxation. Corollary (12) of Judd (1999) demonstrates that if the assumptions of separability between consumption and leisure and homotheticity of the consumption sub-utility are violated, the optimal tax on capital income is not zero if the steady-state is not reached. In particular, assuming a Stone-Geary utility function that is separable between consumption and labour, Judd (1999) concludes that "the capital income tax is never zero, but for reasons which are consistent with the inverse-elasticity rule", i.e. the Ramsey rule. In this case, the term ∂ ln ct ∂ ln uc t in equation (22) is never constant and u cl equals 0. Thus, without invoking the steady-state assumption, or without assuming separable and homothetic preferences, the capital income tax rate fluctuates according to the inverse of the elasticity of consumption, i.e., according to whether consumption is more or less complementary to leisure over time. Straub and Werning (2014) show that the results of Judd (1999) need a large qualification, as the latter assumes that the multipliers of the government's budget constraint, which are are endogenous, are bounded. Judd (1999) then concludes that the steady-state is not required to obtain a zero capital income tax: the result holds in finite time, as long as the bound on the multipliers holds. We agree with the qualifications raised by Straub and Werning (2014) .
However, we take their argument further: we look at the case where this bound is not required, so that the analysis of Judd (1999) is valid. In that case, the assumptions on preferences that Judd (1999) makes are equivalent to the Corlett-Hague motive vanishing, thus reinforcing our results.
To conclude, the standard Ramsey intuition applied in Judd (1999) and Banks and Diamond (2010) need not always be applicable: this critically depends on the general-equilibrium elasticity ε c t converging to a constant, which either requires specific assumptions on the utility function (namely, separability between consumption and leisure and homotheticity of the consumption sub-utility) or convergence to a steady state.
Non-separable utility
So far, we focused solely on optimal capital income taxation if utility is additively separable with respect to time. A natural question then arises: how should capital income be taxed if utility is not time-separable? Straub and Werning (2014) showed the importance of the assumption of time separability in the analysis of Chamley (1986) . If the individual utility function is not time-separable, convergence to a steady-state is unlikely and, even if it occurs, the steady-state features either zero private wealth or a first-best result. In such cases, it can be optimal to indefinitely tax capital income at the maximum rate. Since first-best outcomes are unlikely to occur in practice and 100% capital income taxes are not implementable in market economies, the results obtained by Straub and Werning (2014) Lemma 3. If the agent faces a finite horizon 0 < t ≤ T , and preferences are of the form:
with h(·) and v(·) denoting homothetic sub-utility functions, then the capital income taxes are optimally zero in every period.
Proof. See Appendix C.
If utility is weakly separable between consumption and leisure and homothetic both in consumption and leisure, there is no scope for capital income taxes. The intuition for the result is the same as in the time-separable case: the weak separability and homotheticity of the utility function lead to linear Engel curves. Thus, present and future consumption are equally complementary to leisure, rendering capital income taxes ineffective for alleviating labour supply distortions.
Intuition 2: full tax shifting to labour
Another common explanation for the zero optimal capital income tax result can be found in the work of Auerbach and Kotlikoff (1983) , Correia (1996) , Mankiw, Weinzierl, and Yagan (2009) and Piketty and Zucman (2014) . These authors assert that the supply of capital becomes infinitely elastic in the long run, so that the entire burden of a tax on capital income is borne by labour. Since in the long run the net interest rate is fixed by exogenous factors -such as the rate of time preference and depreciation -any decrease due to taxing capital income will be perfectly offset by a one-to-one increase in the gross interest rate. In this section, we show that this mechanism cannot be the driving force behind the Chamley-Judd result. We do so by switching off the general-equilibrium effects on the interest rate and considering the case of an open economy. Since the gross interest rate is fixed in the world asset markets, the tax burden on capital cannot be shifted towards labour through general-equilibrium effects on factor prices.
To fix ideas, the representative individual and the government are allowed to access a perfectly competitive international capital market in which a foreign asset x t is traded. Foreign capital x t is supplied infinitely elastically and yields an exogenously given return r t , which is the required return for private debt a t and government debt d t . The government and the representative individual have optimisation problems that are identical to closed-economy case, with the only difference that now both have access to the international capital market. Moreover, the implementability constraint remains identical to the one derived in (15).
The main difference with the closed-economy set-up is the assumption that the production technology f (·) employs only labour: f (l t ) = A t l t . This way, we sever the link between wages and interest rates, while keeping everything else identical with the closed-economy setting.
Profit maximisation then implies that labour demand is perfectly elastic at the market wage:
In this open economy, total domestic production w t l t need not equal domestic absorption c t + g t . Hence, the current account is determined by:
To prevent explosive paths of net foreign debt, we impose a no-Ponzi-game condition: current account deficits are always repaid with later current account surpluses.
The capital market equilibrium condition in the open economy is similar to the one in the closed-economy model in Section 2:
The left-hand side represents the demand for foreign capital: both the individual and the government demand assets in their intertemporal trades. The right-side of the equation represents the total supply of capital: foreign capital flows into the economy, which increases the intertemporal consumption possibilities compared to the case when the economy is closed.
Since the domestic firm does not employ capital in its production process, we need to modify the definition of an implementable allocation to include the flows of foreign investment x t instead of k t , see Definition 2.
Definition 2. An allocation {c t , g t , x t+1 } ∞ t=0 is implementable with proportional taxes on capital and labour income, given the factor prices {w t , r t } ∞ t=0 , if it satisfies the following conditions:
• There exists the sequence of taxes {τ K t+1 , τ L t } ∞ t=0 and a sequence of asset holdings {a t+1 } ∞ t=0 such that the allocation solves the individual's problem, given the prices;
• The allocation satisfies the aggregate resource constraint (53) every period;
• The allocation satisfies the domestic capital market equilibrium (55) every period. Lemma 4. An allocation {c t , g t , x t+1 } ∞ t=0 is implementable with proportional taxes on capital and labour income, given the factor prices {w t , r t+1 } ∞ t=0 , if and only if it satisfies the implementability constraint (15) and the aggregate resource constraint (53).
Proof. See Appendix D.
Thus, if we denote by θ the multiplier on the implementability constraint (15) and define the modified welfare function as we did in the closed-economy case in equation (16), the optimisation problem of the government becomes:
subject to w t , r t given, ∀t,
From this formulation it is obvious that the optimal tax problem in the open-economy setting is mathematically identical to the closed-economy setting. The only difference is cosmetic: the government chooses the amount of private domestic capital k t+1 in the closed economy and the amount of foreign capital x t+1 in the open economy. We thus confirm Diamond and Mirrlees (1971) : optimal tax expressions are identical the open economy with constant factor prices and in the closed economy with endogenous factor prices 15 . As a result, the steady-state optimal capital income tax expression will still lead to the Chamley (1986) and Judd (1985) result:
16 . Note that in the open economy, the real interest rate r is constant. Hence, a steady state only exists if an assumption is made on the discount factor β. In particular, the discount factor β must be must be consistent with the individual Euler condition in the steady-state (7): 
Conclusion
This paper tried to answer the question: why is the long-run capital income tax zero in Chamley (1986) and Judd (1985) ? We demonstrated that standard principles from the optimal commodity tax literature drive the result that capital income taxes should be zero. In particular, the steady-state assumption forces the consumption Engel curves to become linear in labour earnings. This holds true even if preferences are non-separable between consumption and leisure and non-homothetic in consumption. Hence, consumption at different dates becomes equally complementary with leisure. This means that capital income taxes cannot be used to offset the labour supply distortions cause by labour income taxes.
Moreover, the argument that a positive capital income tax would lead to exploding tax distortions in finite time needs reconsideration, as this intuition is applicable only when restrictions are made on the utility function. We show these restrictions are identical to the restrictions required to have no commodity tax differentiation. We also argue that general-equilibrium effects on interest rates cannot be the main driver behind the long-run zero optimal capital income tax, since we found that the optimal capital income tax is zero also in an open-economy setting, where interest rates are constant.
Furthermore, an implementable allocation satisfies the aggregate resource constraint by construction. Next, we prove that an allocation {c t , l t , k t+1 } ∞ t=0 that satisfies (15) and (13) is implementable. We can start by defining the factor prices r t and w t such that the firm's optimality conditions hold:
Given the factor prices, we can use the individual's first-order conditions to define the proportional taxes {τ L t , τ K t+1 } ∞ t=0 that implement the allocation {c t , l t , k t+1 } ∞ t=0 :
Since we know the initial asset endowment a 0 = 0 and the paths of consumption and labour and the net prices of labour and future consumption, we can recursively define the private asset holdings {a t+1 } ∞ t=0 such that the individiual's budget constraint (2) holds:
By iterating the equation above forward and using the expressions for the net prices and the implementability constraint, we can obtain the transversality condition for assets (3). In order to prove that the allocation satisfies the government budget constraint, we subtract the individual budget constraint (2) from the aggregate resource constraint (13) and use the linear homogeneity of the production function (constant returns to scale):
If we denote d t ≡ a t − k t , we obtain both the condition for capital-market clearing (14) and the government budget constraint (8), thus proving that the implication holds in both directions.
B Proof Lemma 2
In this section, we assume that utility is time separable, additively separable between consumption and leisure and homothetic in consumption:
where u(c t ) is homothetic. By the separability of the utility function, we can rewrite the general equilibrium elasticity ε c t as: ε c t = u ctct c t u ct , t > 0.
Since h is homothetic, the ratio
is a function Ω of c t and c t+1 only:
This allows us to rewrite the Euler equation (7) as:
This expression shows that the consumption goods are linearly related in every period:
where γ C t+1 is a constant. This suggests that at the optimum, the entire vector of consumptions (c 0 , . . . , c t , . . . , c T ) can be expressed as: 
where γ C s = 1 if s = t for all t. Similarly, the entire vector of labour supplies can be expressed as:
where γ L s = 1 if s = t. Using the expressions above to rewrite U , we can express the general equilibrium elasticities in a much simpler format, while taking into account that γ L s = γ C s = 1 if t = s:
[U ctct c t + U ctlt l t ] , t > 0, (78)
Equations (78) and (79) show that due to the properties of the utility function, the general equilibrium elasticity for consumption is constant, which suggests that H c t = H c t+1 , for all t. Combining this result with the government's Euler equation (19) and the individual's Euler equation (7) gives the result τ K t = 0 for all t.
D Proof of Lemma 4
Proof. We first prove that an implementable allocation satisfies the implementability constraint (15) and the aggregate resource constraint (53). Since an implementable allocation solves the individual's problem by definition, we can use the individual's optimality conditions, transversality condition for assets and the budget constraint to derive the implementability constraint.
Furthermore, an implementable allocation satisfies the aggregate resource constraint by construction. Next, we prove that an allocation {c t , g t , x t+1 } ∞ t=0 that satisfies (15) and (53) is implementable, given the factor prices r and w. The proof follows exactly the same steps as the one for the general equilibrium case in Appendix A: we use the individual's first-order conditions to calculate the taxes {τ L t , τ K t+1 } ∞ t=0 that would implement the allocation. We then define the private asset path such that the individual budget constraint (2) holds and use the implementability constraint (15) and the private optimality conditions (6) and (7) to prove that the transversality condition for private assets (3) holds. The last step of the proof involves subtracting the aggregate resource constraint (53) from the individual's budget constraint (2) and defining the government debt d t = a t − x t . This proves that both the condition for capitalmarket equilibrium (55) and the government budget constraint (8) hold.
